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T3. Frequency measurements with ring resonators

A1 What are the coefficients C; and C5?

They are equal to 0 because the field cannot tend to infinity at a large distance from the fiber.

Ci=0
Co=0

A2 Express k;, and k,,; in terms of ¢, w, 8 and speed of light in vacuum ¢ = 1/, /Zoi0, using the wave equation.

Substituting solution type into the wave equation:

0%A 0?4
O T ref - A =0
Considering that ‘gié < ?;yé‘, we get:
w?e(w
kzn = C2( ) - 52
2
kout = 52 - %
C

A3 Prove that the tangential components of the electric field strength are equal on both sides of the interface (as in
electrostatics).

We can write Faraday’s law of electromagnetic induction for a rectangular circuit with vertices at points
(a/2 — da,y,2),(a/2 — da,y,z + Az),(a/2 + da,y, 2),(a/2 + da,y, z).At da — 0, the derivative of the magnetic
field flux tends to 0, and the magnitude of the circulation of the electric field strength remains constant. From
this we can conclude that it is also equal to 0. At §a — 0 the circulation can be expressedas’ = (E,;1 — F.2)Az =0,
hence £, = E,.

A4 Write the boundary conditions for the tangential component of the electric field. Express B in terms of a, ki, , kou:-

B = exp(koura/2) cos(kina/2)

A5 Prove that the tangential components of the magnetic field strength are equal on both sides of the interface (as
in magnetostatics).

The proof is similar to A3, but instead of the law of electromagnetic induction, the circulation theorem for the
magnetic field strength is used.

A6 Prove that

i O0A ,
H, =EpRe (uo—w%exp(z(wt - ﬁz)))

Using the differential form of Faraday law we get:

B 0H. OE,
Ho ot Oz

The derivative of H, with respect to time can be expressed as:

0H,
ot

= wH,

i 0A . .
H, = EyRe (lt()iw% exp(iwt — zﬁz))
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A7 Write the boundary conditions for the tangential component of the magnetic field A . The answer can be expressed
in terms of k;,,, kout, .

To find H_, differentiate A by z:

A
%r = —kipsin(kinz), |2| < a/2
0A
e —kout exp(kout (—a/2 + x)) cos(kina/2), x| > a/2
r
Equating H, on both sides of the interface:
tan(k;na/2) = ]Z"m

A8 Substitute the values k;,,, k., obtained in A2 into the equation from A7. Obtain an equation from which Scan be
determined (this equation is solved numerically only). The equation can include 3, w, ¢, ¢, a.

a [w?e(w) B B2c? — w?
tan (2 2 BQ) N \/w%(w) — 22

B1 Assuming that there is no energy loss in the divider, find the relationship between -, and ¢,.

rﬁ—&—tg:l

B2 Express the field amplitude at the input to @, of the splitter B;,(¢) in terms of x and the field amplitude at the
output of Q- at time (t — 7(w)) — Bout(t — 7(w)).

an(t) - F@Bout (t - T(UJ))

B3 Using the stationarity conditions, express B, (t) in terms of B,,(t), x,w, 7.

Let the ¢ be:

Y =—wT

Then

Bout (t) = it Ain(t) — 75 Bin(t)
Bin(t) = k€™ Bout (t)

Bin (t) = He*iw'r Bout (t)

B4 Express B;,(t) in terms of Ag,r,, t,, x,w, T and ¢, using the result of the previous task.

Bin(t) = ke'? (it Ain (t) — 1 Bin(t))

itske'? A (t
Bu(t) = 5D
1+ rsret®
itore T Agett
Bin(t) = ——————

1+ rore—wr
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B5 What is the power N>, leaving the channel P,? Express the answer in terms of wr(w), s, 7, and the power N; in
channel P;.

t2Kel?
1+ rsnew>

Let us reduce the right-hand expression to a common denominator and divide the square of the numerator
modulus by the square of the denominator modulus:

Aout(t) = =7 Ain(t) + it Bin(t) = —Ain(t) (7 +

Ny k% sin?(wr) + (rs + K cos(w))?
= N1 k2rZsin®(wr) + (1 4 ryek cos(wT))?

B6 Sketch a qualitative plot of No/N, (wT) for fiber resonator with the following parameters:

e k= 1-5-1073;
o t, =0.1.

At what values of wr is the ratio N5 /N; minimal?

transmitteéd power
+

» .

0 20 40 60 80 100
omega * tau

WresT = (1 + 2n)

B7 Find the sharpness Q of the absorption peak with number n = 100.
Sharpness is the ratio of the peak frequency to the width of the region of frequencies for which the transmission dip is
not less than half of the maximum dip of a particular peak.

Let us find the depth of the absorption peak by expanding the expression for the power ratio into a Taylor series:

2 2
o=
ANmaz = 1 = n(wres) = 1
Or by substituting the value ¢ from the previous paragraph, without putting it in a row:
N(Wres) = 1.6-107% = 0
Anmaz = 1

Sharpness is the ratio of w to the width of the region in which An > An,,../2. Let’s estimate the width of this
area:

p=0+m(1+2n),d<m

Let us expand the Maclaurin series in terms of §:
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L+ (1—k—t?/246%/2)2 52 1
TR TR 22 222 (1 nti2j2)? 2

From here we get:

§~1—k+1%/2~0.01

=7-10* =3.14 - 10*

Q= Wres  m(1+2n) ™
T Aw 20 T 1—k+1t2)2

C1 Sketch a qualitative plot of the oscilloscope readings if it is known for sure that the frequency of the tunable
laser reaches exactly one of the frequencies given in B6 (these are the frequencies where the FR transmittance is
minimal).

wlp5_gapOp9_lambdal550p629_polarA
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C2 Draw what the oscilloscope will show when Q ~ 220M H z. Note that o < Quwy.

The field amplitude at the exit from the EOM will be equal to

Eroum(t) = f(t) cos(w(t)t) = B cos(wt) + p (cos(Q + w)t + cos(—N + w)t)

where w = w(t) = wp + at. In this case, three waves fall on the FR, the frequencies of which are shifted relative
to each other by exactly €. Therefore, the number of absorption peaks will now triple: they can be observed at
frequencies wy¢s, Wres + 82, wres — §2, Where w,..5 is frequency corresponding to the minimum transmission (defined
in B6).
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C3 Estimate with what relative accuracy can the period wj;z; be measured on this setup if the maximum signal
frequency of the high-frequency oscillator is 4, = 1250M H 2?

We can measure one period by changing €2 in a way, so that the absorption maxima were separated by w,, ., from
each other. Then the absolute error would be of order wy/Q = 24M H z, and relative wy/(QQmqz) = 0.02

D1 Express the group velocity v, in terms of ;.

ngl/ﬂl

D2 Let us find the form of the soliton. The solution of NLSE can be found in the form:

Fyexp(ioz)
F(z,5) = ~0&PUIZ)
(z,5) cosh(fs)

Experess Fy u o in terms of 6, 31, 2 v 7.

Let’s calculate the derivatives and substitute them into the equation (reducing by i F exp(ioz)):

o B26? ( 2 1 ) B Ve
coshfs =~ 2/3% cosh®#s ~ coshfs/  cosh®@s

From here we get:

B20?

Fy=—
O B2
_ Bet?

D3 Express D; and D, in terms of £y, 3> and loop length L. Hint: the BP natural frequency criterion: B, (t) and
B, (t — 7(w,)) have the same phase.

Using the result of point B3, we get:

Blw(p)L +m = 2m(p + po)
Now let’s substitute the expression for 8(w), and into it w(u). We get:

D 2 D2 2
(ﬁo+61(D1u+ 22”)+B2 21“ )L%QW(M+MO+1/2)

Equating the coefficients of 1 and 2 on the right and left sides:

2T
Dy = —
YT BIL
By D? 472 3
Dy =~ T 372
/81 51L

D4 Let the resonator be made of a material with y > 0. At what D, can solitons exist in it?

F2 >0s0p3; <0and Dy >0

Dy >0

D5 Let a soliton with carrier frequency wy. circulates in the FR described in D3. The external laser does not work.
Plot the emission spectrum of the resonator (the dependence of specific power on frequency) qualitatively in the
frequency range (wg — 20D1,wp + 20D ). Consider that wy/Q(wo) < D;. (Remember that @ -is sharpness defined
in B7)

Spectrum consists of narrow bands corresponding to the natural frequencies of the FR as shown on the figure.
The envelope can be fitted by F}/ coshQ(FQ (w — wp)) (here Fy, F» are some constants depending on Fy, o, 6), but
analytical expression for envelope form is not required.
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D6 Estimate the absolute error of the angular frequency measurement w using the spectrum from item D5.

We get a ruler with a pitch of D, and the absolute error is about a half of this pitch — D, /2.

D
Aw ~ =L
2
D7 Express the round-trip time 7, through D;.
o
Ts = D,
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